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Abstract. We study conical square function estimates for Banach-valued 
functions, and introduce a vector- valued analogue of the Coifman-Meyer— Stein 
tent spaces. Following recent work of Auscher-M'^Intosh-Russ, the tent spaces 
in turn are used to construct a scale of vector- valued Hardy spaces associated 
with a given bisectorial operator A with certain off-diagonal bounds, such that 
A always has a bounded //""-functional calculus on these spaces. This provides 
a new way of proving functional calculus of A on the Bochner spaces L''(M"; X) 
by checking appropriate conical square function estimates, and also a conical 
analogue of Bourgain's extension of the Littlewood-Paley theory to the UMD- 
valued context. Even when X = C, our approach gives refined p-dependent 
versions of known results. 



1. Introduction 



Since the development of the Littlewood-Paley theory, square function estimates 
of the form 



\tVAe-'^f\'^ 



l/ll 



LP(K"); 



have been widely used in harmonic analysis. When dealing with functions which 
takes values in a UMD Banach space X, such estimates have to be given an appro- 
priate meaning. This is done through a linearisation of the square function using 
randomisation, which gives (see [14]) 

dWt _ 

where the integral is a Banach space-valued stochastic integral with respect to a 
standard Brownian motion on a probability space (ri,F) (see [25]), or, in a 
simpler discrete form, 



(1.1) 



fcGZ 



£fe2VAe 



ILp(R";X) 



where {sk) is a sequence of independent Rademacher variables on (fi, P). The latter 
was proven by Bourgain in [6] , thereby starting the development of harmonic analy- 
sis for UMD- valued functions. In recent years, research in this field has accelerated 
as it appeared that its tools, and in particular square function estimates, are of 
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fundamental importance in the study of the iJ°°-functional calculus (see [20]) and 
in stochastic analysis in UMD Banach spaces (see [24]). 

To some extent, even the scalar-valued theory (i.e. X = C) has benefited from 
this probabilistic point of view (see for instance [16, 22]). However this fruitful 
linearisation has, so far, been limited to the above "vertical" square functions esti- 
mates, leaving aside the "conical" estimates of the form 
(1.2) 

(/ (// |tVAe-^/(,)r^)'dx)'.||/|U.(„„„ l<p<2. 



In the meantime, such estimates have attracted much attention as it was realised 
that they could be used to extend the real variable theory of Hardy spaces in a 
way which is suitable to treat operators beyond the Calderon-Zygmund class (see 
[3, 9, 13]). Indeed, elliptic operators of the form — divBV, where i? is a matrix 
with L°° entries, are not, in general, sectorial on LP for all 1 < p < oo. Their 
study thus requires the L^-spaces to be replaced by appropriate Hardy spaces, on 
which they have good functional calculus properties (in the same way as has 
to be replaced by when deahng with the Laplacian). To define such spaces, 
conical square functions have to be used, since the use of vertical ones would im- 
pose severe restrictions on the class of operators under consideration (namely, 
(i?-)sectoriality). 

The present paper gives extensions of (1.2) to the UMD- valued context. This 
starts with the construction of appropriate tent spaces, which is carried out in 
Section 4 by reinterpreting and extending [11] using the methods of stochastic 
analysis in Banach spaces from [19, 24, 25]. Relevant notions and results from this 
theory are recalled in Section 2, while the crucial technical estimate is proven in 
Section 3. Following ideas developed in [3], we then prove appropriate estimates 
for operators acting on these tent spaces in Section 5. After collecting some basic 
results on bisectorial operator in Section 6, this allows us in Section 7 to define 
Hardy spaces associated with bisectorial operators of the form A (E) Ix, where A 
acts on (M" , H) {H being a Hilbert space and X a UMD Banach space) and 
satisfies suitable off-diagonal estimates. We prove that AiS) Ix always has an H°°- 
functional calculus on these Hardy spaces. Finally, in Section 8, we specialise to 
differential operators A, and, in particular, give a conical analogue to Bourgain's 
square function estimate (1.1). 

Specialising to the case X ~ C, our approach allows to define Hardy spaces (as- 
sociated with operators) using a class of functions which is wider than in [3] . This 
is due to the fact that our estimates (see Proposition 7.5) are directly obtained for 
a given value of p (and actually depend on the type and cotype of LP), instead of 
using interpolation. 

To conclude this introduction, let us now point out the possible uses of our 
results. First, one can deduce the boundedness of the functional calculus of an 
operator AiSiIx from conical square function estimates. For instance, with Theorem 
8.2, we recover the well-known fact that, if X is UMD and 1 < p < oo, A (E) Ix 
admits an iJ°°-calculus on LP{X). Note that this characterises the UMD spaces 
among all Banach spaces and thus indicates that it cannot be expexted that the 
results presented here extend beyond the UMD setting. 
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Another apphcation is to deduce conical square function estimates for functions 
with hmited decay from such estimates for functions with good decay properties. In 
particular, Theorem 8.2 together with Theorem 7.10 give the following estimates: 
We use the notations 

S+ = {zeC\{0}: |arg(z)| <0}, 
^^{S+) = {feH°^{S+): 3C \f{z)\<Cmm{\zr,\z\-^)y zeS+}. 
Let 6,e > 0, and assume that either 

^ e and l<p<-^, or 

2n 

^ e K/2+eiSe) and <p<oo. 

Then 

/ (// mtA)u{y)\'^f"d.^\\u\\l^. 

JR" ^JJ\y-x\<t ^ ^ 
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2. PRELIMINARIES 

In this section wc establish some terminology and collect auxiliary results needed 
in the main body of the paper. 

Let X and Y be Banach spaces and let J!f{X, Y) denote the space of all bounded 
linear operators acting from X into Y. A family of bounded operators 5^ C 
.jSf(Ar, y) is called ^-hounded if there is a constant C such that for all integers 
k'^l and all Ti , . . . , Tfe S 5^ and , . . . , € X we have 

(2.1) ^\Y.^jTji^ ^c^^lY^ij^j 

Here, 71, . . . ,7a; are independent standard normal variables defined on some prob- 
ability space (ri, P) and E denotes the expectation with respect to P. The least 
admissible constant in (2.1) is denoted by 7(=^). 

By the Kahanc-Khintchine inequality, the exponent 2 may be replaced by any 
exponent 1 ^ p < 00 at the cost of a possibly different constant. 

Upon replacing the standard normal variables by Rademachcr variables in (2.1) 
one arrives at the notion of i?-boundedness. Every i?-bounded family is 7-bounded, 
and the converse holds if Y has finite cotype. Since we are primarily interested in 
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UMD spaces Y, which have finite cotype, the distinction between 7-boundedness 
and i?-boundedness is immaterial. We prefer the former since our techniques are 
Gaussian and therefore the use of Gaussian variables seems more natural. 

Let H he a, Hilbert space. A linear operator R . H ^ X is called "f-summing if 

\\Rh'^{H,x) := sup (^e| ^7ji?/7,j ) ' < 00, 

where the supremum is taken over all integers k ^ 1 and all finite orthonormal 
systems hi,...,hk in H. The space j°°{H,X), endowed with the above norm, 
is a Banach space. The closed subspace of ^°°{H,X) spanned by the finite rank 
operators is denoted by ^{H,X). A linear operator i? : iJ — > X is said to be 
^ -radonifying if it belongs to j{H,X). 

A celebrated result of Hoffman- J0rgensen and Kwapieh [12. 21] implies that 

7°°(iJ,X)=7(iJ,X) 

for Banach spaces X not containing an isomorphic copy of cq. 

If H is separable with orthonormal basis (/i„)„^i, then an operator R : H ^ X 
is 7-radonifying if and only if the sum X]n>i InRKi converges in L^{fl; X), in which 
case we have 



\R\UiH,x} = M\Y.^j^'y 



The following criterium for membership of "f{H, X) will be referred to as covari- 
ance domination. 

Proposition 2.1. Let S G ^{H,X) and T e -/{H,X) satisfy 

\\s*c\\^c\\T*ci C^x*, 

with C independent of . Then S G j{H,X) and \\S\\y(^H^x) ^ C!\\T\\y(^ff^x)- 

For more details we refer to [19, 24] and the references therein. 

Let (A, S, /i) be a cr-finite measure space, H a Hilbert spaces and X a Banach 
space. In the formulation of the next result, which is a multiplier result due to 
Kalton and Weis [19], we identify 7J(8)X-valued fimctions /(S)^, where / G L^{A, H) 
and ^ £ X, with the operator Rf^^ G 'j{L^{A; H), X) defined by 

(2.2) i?/»c.9:=(/,.9)®C, 9^L^{A-H). 
where (/, h) denotes the scalar product on L'^{A; H). 

Lemma 2.2. Let X be a Banach space, let {A, S, ^) be a a-finite measure space, 
and let il/ : A — s- ^(X) be a function such that a i— > M{a)^ is strongly ^-measurable 
for all X . If the set 

Ji = {M{a) : a G ^} 
is ^-bounded, then the mapping 

extends to a bounded operator M on 'j{L'^{A; H), X) of norm \\M\\ ^ 

Let us also recall that for 1 ^ p < 00, the mapping / [h t-^ fi')h] defines an 
isomorphism of Banach spaces 

(2.3) Lf(A;7(i/,X))^7(i/,iP(A;X)). 
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This follows from a simple application of the Kahane-Khintchinc inequality; we 
refer to [24, Proposition 2.6] for the details. Here, H and X are allowed to be 
arbitrary Hilbert spaees and Banach spaces, respectively; the norm constants in 
the isomorphism are independent of H. 

Let 7 = (7„)n>i be a sequence of independent standard normal variables on a 
probability space (r2,^,P). Recall that a Banach space X is called K -convex if 
the mapping 

n^l 

defines a bounded operator on L'^{Vl\X). This notion is well-defined: if tt^ is 
bounded for some sequence 7, then it is bounded for all sequences 7. A celebrated 
result of Pisier [26] states that X is A'-convex if and only if X is B-convex if and 
only if X has nontrivial type. 

If X is X-convcx, then the isometry I-y : ^{H, X) L^{^', X) defined by 

maps 'y{H,X) onto a complemented subspace of L'^{il;X). Indeed, for all R E 
7(7J, X) we have 

TT^I^R = ^ 7,iIE7,i ^ IjRhj = ^ InRhn = I^R- 

Hence, the range of /-,, is contained in the range of tt^. Since the range of tt^ is 
spanned by the functions 7„ C3i ^ = I-^{hn ® ^) , the range is tt^ is contained in the 
range of I^. We conclude that the ranges of tt^ and I~f coincide and the claim is 
proved. As an application of this we are able to describe complex interpolation 
spaces of the spaces ^{H,X). 

Proposition 2.3. If Xi and X2 are K -convex, then for all < 9 < 1 we have 

['y{H, Xi),"f{H, X2)]e = l{H, [Xi, X2\0) with equivalent norms. 

Proof. In view of the preceding observations this follows from general results on 
interpolation of complemented subspaces [5, Chapter 5]. □ 

3. Main estimate 

The main estimate of this paper is a 7-boundedness estimate for some averaging 
operators, which is proven below. 

We start by recalling some known results. The first is Bourgain's extension to 
UMD spaces of Stein's inequality [6] (see [7] for a complete proof). 

Lemma 3.1. Let 1 < p < 00 and let X be a UMD space. Let {.^rn)mez be a filtra- 
tion on a probability .space (17, ^,P). Then the family of conditional expectations 

= {E(-|^™) : meZ} 

is "f -bounded on L^(ri; X). 

Let us agree that a cube in R" is any set Q of the form x + [0, ^)"' with x € K" 
and £ > 0. We denote i{Q) := i and call it the side-length of Q. A system of dyadic 
cubes is a collection A — IJfcgz ^2*=; where A2fc is a disjoint cover of M" by cubes 
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of side-length 2'^, and each Q E is the union of 2" cubes R G A2fc-i . We recall 
the following geometric lemma of Mei [23] : 

Lemma 3.2. There exist n + 1 systems of dyadic cubes A^, . . . , A" and a constant 
C < oo such that for any ball B C M" there is a Q E Ufc=o which satisfies 
B cQ and \Q\ < C|B|. 

The following results can be found in [16]: 

Lemma 3.3. Let X be a UMD space and 1 < p < oo. Let r G Z"\{0} and xq E X 
for all Q E A. Then 

J2 ^Q+riiQ)XQ < C^(l + log|r|)E||^efc ^ Iqxq 

Lemma 3.4. Let X be a UMD space, 1 < p < oo, and m E Z+. For each Q E A, 
let Q', Q" E A be subcubes of Q of side-length 2~™^Q. Then for all £ E Z and all 
XQ EX 

where k = £ is short-hand for k = £ mod (m + 1). 

The previous lemmas will now be used to prove our main estimate. 



k=e QeA„fc 



Proposition 3.5. Let X be a UMD space, 1 < p < oo, and let L'p{X) have type r. 
For a ^ 1, let jz/q, be the family of operators 

f^A%f:^ Ub4 fdx, 

J B 

where B runs over all balls in M". Then s^a *s ^-bounded on LP(X) with the 
^ -bound at most C(l + logQ!)a"/'^ and C depends only on X , p, r and n. 



Proof. We have to show that 

k 



Ell^eilaB, 7 fjdx 

" 1=1 ■'b' 



< CI 



k 



By splitting all the balls Bj into + 1 subsets and considering each of them sep- 
arately, we may assume by Mei's lemma that there is a system of dyadic cubes A 
and Qi, . . . , Qfc € A such that Bj C Qj and \Q-j\ < C \Bj\. 

Let m be the integer for which 2™^^ < a < 2™. Let Q* e A be the unique cube 
in the dyadic system which has side- length 2™-£{Qj) and contains Qj. Then aBj is 
contained in the union of Q* and at most 2" — 1 of adjacent cubes i? g A of the 
same size. Writing gj = 1 Bj fj , we observe that 

m 



IB, 



7 9j dx. 



Since \Qj \ / \Bj\ < C, by the contraction principle it suffices to show that 



dx 



where Rj = Q* 
consider r — 0. 



r£{Q*) for some jrj < n. Thanks to Lemma 3.3, it suffices to 
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We next write Q* as the union [jf^iQji, where Qji e A are the M := 2"™ 
subcubes of Q* of side-length £{Qj)- Let us fix the enumeration so that Qji = Qj. 
Writing Xj jq. 9j for short, it follows that 



k M k M 

j = l P i=l j=l " i=l j=l 

M k 

i=l J=l 

where the first estimate follows from the Khintchine-Kahane inequality and the 
disjointness of the Qji for each fixed j, and the second from the assumed type-r 
property. 

If we assume, for the moment, that all the side-lengths 2'^(-') := (.[Qj) satisfy 
k{i) = k{j') mod (771+ 1), we may apply Lemma 3.4 to continue the estimate with 

^^(E^||E^J-1Q.^41 ^ <CM^'^¥\Y.e,lQJ g,dx 
1=1 j=i P j=i "'Qj 

k 

where the last estimate applied Stein's inequality, observing that the operators 
g I—!- IqjJ^ . g dx are conditional expectations related to the dyadic filtration induced 
by A. Since M = 2""' < 2"a", we obtain the assertion even without the logarithmic 
factor in this case. 

In general, the above assumption may not be satisfied, but we can always split 
the indices j into m -f- 1 < c{l + log a) subsets which verify the assumption, and 
this concludes the proof. □ 

Remark 3.6. The proof simplies considerably in the important special case a = 1. 



4. The vector- valued tent spaces Tp-'^{X) 
In order to motivate our approach we begin with a simple characterisation of 



tent spaces in the scalar case. We put 



pri+l 



and denote 



r(x) = {(y,t)eM;+i : \x^y\<t}. 

Thus (y, t) e r{x) -iF^ye B{x, t), where B{x, t) = {y e R" : 
write 



\x-y\ < t}. We shaU 



fn+l I V + ' ^n+1 /' 

where dy and At denote the Lebesgue measures on R" and R-|_ . Similar conventions 
will apply to their vector- valued analogues. The dimension n ^ 1 is considered to 
be fixed. 

For 1 ^ p, g < cxD, the tent space T^^'' — TP'^(R!f:"*"^) consists of all (equivalence 
classes of) measurable functions / : R"'''^ C with the property that 



r{x) 



\f{y,t)\ 



^^]"dx 
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is finite. With respect to the norm 

dy d^ 



LP 



'r(-: 

TP '^ is a Banach space. Tent spaces were introduced in the 1980's by Coifman, 
Meyer, and Stein [8]. Some of the principal results of that paper were simplified by 
Harboure, Torrea, and Viviani [11], who exploited the fact that 



J : / 1-^ [a; i-> [{y,t) lB{x,t){y)f{y,t)]] 

•Dl T a{ „ 



maps T^'* isometrically onto a complemented subspace of U'(L'^{ fn+i )) for 1 < 



p,q < oo. 

We now take q = 2, H a Hilbcrt space, and extend the mapping J to functions 
in Cc{H)®X by J{g®C) ■= Jg®£, and linearity. Here, Cc{H) denotes the space of 
H-valued continuous functions on R""'"^ with compact support. Note that by (2.2), 
J{g ® i) defines an clement of LP{"f{L^{ j^;H), X)) in a natural way. 

Definition 4.1. Let 1 < p < oo. The tent space TP-^{H; X) is defined as the 
completion of Cc{H) (g) X with respect to the norm 

\\f\\TP^^{H;X) ■= \\Jf\\LP{j{L^j^-M),X))- 

rP'2(C;X) will simply be denoted by TP-^{X). 

It is immediate from this definition that J defines an isometry from TP''^{H; X) 
onto a closed subspace of LP{'-f{L'^{ ^^^l* ; H), X)). In what follows we shall always 
identify TP-^{H; X) with its image in LP{-/{L^{-^; H), X). 

Using the identification ^{L'^{j^),C) = L^ij^) we see that our definition 
extends the definition of tent spaces in the scalar-valued case. 

Our first objective is to prove that if X is a UMD space, then TP'^{H; X) is 
complemented in Lp{-/{L^{^; H), X)). 

Proposition 4.2. Let 1 < p < oo, H a Hilbert space, and X a UMD space. The 
mapping 

Nf{x,y,t):=^-^^f^ j f{z,y,t)dz, 
\B{y,t)\ Jsiy.t) 

initially defined for operators of the form (2.2), extends to a bounded projection in 

LP{^{L\^-H),X)) 

whose range is TP'^{H; X). 

Proof. We follow the proof of Harboure, Torrea, and Viviani [11, Theorem 2.1] for 
the scalar- valued case, the main difference being that the use of maximal functions 
is replaced by a 7-boundedness argument using averaging operators. 

First we prove that A'^ is a bounded operator. In view of the isomorphism (2.3) 
it suffices to prove that N acts as a bounded operator on -f{D\^; H), LP{X)). 
This will be achieved by identifying A'^ as a pointwise multiplier on LP{X) with 
7-bounded range, and then applying Lemma 2.2. In fact, putting 

^(y^ 9 --^ / 9{z) dz, g e LP{X), 



my,t)\ 



B(v,t) 
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and fy^t{x) f{x,y,t) f{y,t) ® g{x), we have 

Nf{-, V. t) = Jiv, t) ® N{y, t)g = J{y, t) ® AB(y^t)g- 



The 7-boundcdness of {N{y, t) : (y, t) G M"+^} now follows from Proposition 3.5. 



Knowing that N is bounded on LP{'^{L^{-^^;H),X)), the fact that it is a 
projection follows from the scalar case, noting that the linear span of the functions 
of the form lB{x,t) ® (/ ® C); with / G Cc{H), x £ R", and t > 0, is dense in 

For a > the vector-valued tent space TP'^{H;X) may be defined as above in 
terms of the norm 

WfWr^'^iH-X} •= ll'-^a/!lLP(-y(L2(iiii^;_H-),X))' 

where J„/ := [x ^-^ [{y,t) i-^ lB{x,at}{y)f{yit)]]- 

Theorem 4.3. Let 1 < p < oo, H a Hilhert space and X a UMD space such that 
LP{H (5) X) has type r. For all a > 0, a strongly measurable function f : M.'^^ — > 
H <Si X belongs to TP''^{H;X) if and only if it belongs to TP^{H;X). Moreover, 
there exists a constant C = C'{p, X) such that 

(4.1) ||/||tp.-(H;X) ^ II/IIt-^H;X) «S C(1 + loga)a^/^\\f\\T..2^H,x) 
for f eTP-^{H;X) anda>l. 

Proof It suffices to prove the latter estimate in (4.1). On LP{j{L^{j^; H), X)), 
we consider the operator 

N^f{x,y,t):=^^^f^ I /(z,y,i)dz. 

\B{y,t)\ JB(y,t) 

Simple algebra shows that N^J f ^ Jaf, and hence 

By the isomorphism (2.3), we may consider the boundedness of Na on the space 
i{L'^{-j^tt'i H), LP{X)) instead, and here this operator acts as the pointwise multi- 
plier 

{f® g){; y, t) = /(y, t) ® A%^yj^g. 
So. its boundedness with the asserted estimate follows from Proposition 3.5. □ 

Remark 4.4. If X = C, then one can take t = min(2,p) in Theorem 4.3. Except 
possibly for the logarithmic factor, (4.1) gives the correct order of growth of || /||j,p,2 
in terms of the angle a ^ 1. 

To see this, consider functions of the form f{y,t) = l[i 2]{t)g{y). Then 

\\f\\TS^^-^\\(.v.^\gfy%, 

where the rja are functions having pointwise bounds c1b(o,q!) i£ < C1s(o,Cq) for 
some constants C > 1 > c > depending only on n. 

Let us take g = \g\^ = Ib(o.i). Then {rja * Isl^)^^^ = Va, where fja is another 
similar function, and hence 

||/||_. = ||(^„)i/2|l ^«"/^^a"/''|j/||TP,.. 
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This proves the sharpness for p < 2. 

Let us then choose g = ga = 1s(o,q)- Then 

where ^^,77^ are yet more similar fmictions as 77^. Writing fa{y,t) = l[i,2] 
we have 

This proves the sharpness for p ^ 2. 

In fact, for p = 2, a simple application of Fubini's theorem shows that we have 
the equality ||/||j,2,2 ~ a"/^||/||y2,2 for all / e T^'^ and a > 0, so the logarithmic 
factor is unnecessary in this case. 

Sometimes it is useful to use tent space norms defined with a smooth cut-off 
instead of the sharp cut-off lB{x,t)iy)- Given a function (j) G C^(M) such that 
(t){'w) = 1 if lui] < ^ and = if \w\ ^ 1, we are thus led to consider the 

mapping J^f := [x ^ [{y,t) ^ <l>0-^^) f {y , t)]] and 

\\f\\Tl-iH;X) - Il^0/llip(^(i2(^.ff),x))- 

Proposition 4.5. Let 1 < p < 00, H a Hilbert space and X a UMD space. A 
strongly measurable function / : R!^"*"^ H ® X belongs to TP-^{H; X) if and only 
if it belongs to T^''^{H\X). Moreover, 

II/IIt;'"{h;.y) ^ II/IItp>2(h;x) 

for f GTP'-'iH-X). 

Proof. The proof is the same as that of Theorem 4.3. Consider the operators 
N^fi^, y, t) := ^=1=^ / /(z, y, t) dz, 

\B{y,t)\ JB(y^t) 

mfix, y, t) := I J^'f^i / fiz, y, t) dz. 

We have = A^^J and Ji = NiJ^. Moreover the operators and A^i act as 
the pointwise multipliers 

N^if®g)i-,y,t) = f{y,t)®Ml,A],^y^.^g, 
(f® g){-,y, t) = f{y, t) ® * )<?. 

where My^g{x) :— <f){ )g{x). By Lemma 2.2 and Theorem 4.3 the result follows 
from Proposition 3.5 and Kahane's contraction principle. □ 

If X is a UMD space, H a Hilbert space, and I < p,q < oo satisfy ^ + | = 1, 
we have natural isomorphisms 

(L^(7(i'(^;i?),^)))* 

^ L''iijiL\j^;H),X)y) ^ L'^{^(L\^-H),X*))). 

The first of these follows from the fact that X, and therefore 7(L^(-|^; H),X), is 
reflexive, and the second follows from the if -convexity of UMD spaces. Denoting 
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by N the projection of Proposition 4.2, it is easily verified that under the above 
identification the adjoint N* is given by the same formula. As a result we obtain 
the following representation for the dual of TP'^{H; X): 

Theorem 4.6. If X is a UMD space, H a Hilbert space, and 1 < p, q < oo satisfy 
^ + ^ — 1, we have a natural isomorphism 

{TP'^{H;X)y ^T''^^{H;X*). 

As an immediate consequence of Proposition 2.3 we obtain the following result. 

Theorem 4.7. Let 1 < po ^ pi < oo, H a Hilbert space, and let Xq and Xi he 
UMD spaces. Then for all < 6 < 1 we have 

P9 Po Pi 

Proof. The result follows by combining (2.3) with the following facts: (i) if X is a 
UMD space, then LP(A") is a UMD space for all 1 < p < oo, (ii) UMD spaces are 
A'-convex, (iii) for 1 < po ^ Pi < oo we have [LP°(Xo), ^^^(Xi)]^ = LPo{[XQ,Xi]e) 
with p0 as above. □ 

We conclude this section with a result showing that certain singular integral 
operators are bounded from LP{X) to TP-'^{X). This gives a Banach space-valued 
extension of [11, Section 4]. 

Theorem 4.8. Let X be a UMD space. Consider the singular integral operator 
defined by 

Sf{t,y)^ [ h{y,z)f{z)dz 

for f G Cc(IK") and a measurable complex-valued function {t,y,z) kt{y,z). As- 
sume that 

(1) S G^{L^,T^-^), 

(2) There exists a > such that for all y, z (z M" and t > we have 

t" 

\kt{y,z)\ < ttt;^' 

(3) There exists /? > such that for all t > and all y, z, z' G M" satisfying 
\z — y \ -\- t > 2\z — z'\ we have 

tf\z-z'\ 



\kt{y,z) - kt{y,z')\ 



< 



{\y-z\+tr+^+P-^ 
(4) For allt>0 and 2/ e M" we have 



kt{y,z)dz ^ 0. 

Let 1 < p < 00. Then S(E>Ix extends to a bounded operator from LP(X) to TP'^(X). 



Proof. We consider the auxiliary operator T taking X- valued functions to ones with 

dy dt 



values in -,{L^{jM^)^X), given by 



Tf{x)^ K{x,z)<^f{z)dz, feCAX), 
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where K{x,z) is the L'^(-^^)-valued kernel defined by 



for some even G C^(M) such that <f){w) = 1 if \w\ < \, = if |w| ^ 1, 

and 0(r)r"^^ dr = 0. The claim of the theorem follows if we can show that T 
extends to a bounded operator from LP{X) to LP{-f{L^{-j^);X)). This is proved 
by applying a version of the theorem for Hilbert space -valued kernels from [15] 
(which, in turn, is based on results from [17, 18]). We first remark that the condition 
T(l) = follows directly from (4), whereas the vanishing integral assumption on (jj 
guarantees that T'(l) ~ 0, too. It remains to check the following _L^(-p^j^)-valucd 
versions of the standard estimates: 



(4.2) 



sup |x-z|"|ji^(a;,z)|| dj,dt^ < 1, 



(4.3) sup ^J^||A>,z)-X(x',z)|j d,dt <1, 

|x-i|>2|a:-a=' 



(4.4) 



sup —\\K{x,z)-K{x,z')\\ iydt^ < 1, 

x,z,z'm^ \z-z'\ L^(-t^) 

x-z|>2|^-^' 



and the weak boundedness property: for any r],'/] E C^{B{0, 1)) which satisfy the 
bounds IIj^IIoc-, Halloo, IIVt^IIoo, llVTylloo < 1, ouc should have 



(4.5) 



sup 

(u,r)6R"> 



, /X — Un z — u dzdx 
K{x, z)7j{——)ij{——)—^ 



< 1. 



Proof of (4-2): Using (2) and noting that we have = for y ^ B{x,t), 



■\y~x\. 



ktiy,z] 



2 dydt 
t»+i 



< 



< 



\x-z\ 



B(x,t) 
\x-z\ ^2a-l 





2 Ay At 


r f dydt 


(Ix - z| + <- |?/-a;|)"+" 




J\x-z\ J B(x,t) 



/o 



\x — z 



\2n+2a 



\x-z\ 



At 



< 
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Proof of (4-3)'- Using (2) and the mean value theorem and reasoning as above, for 
a;, a;', z satisfying |a; — z| > 2\x ~ x'\ we have 



kt(y,z) 



Ay At 



< 



< 



n ( 

Jo JB(x,t) ^ 



\x-x'\t° 



2 Ay At 



\x - x'lr 



similar 



n ( 

Jo JB(x,t) ^ 



Ay At 

t(|a; - z| + i - - r'+i 



\x — X 



„'|2 



At 



< 



< 



\x-z\ 



t2n+3 



similar 







\x-x'\ 



\x — z 

n2 



\2n+2a 



dt 



\X — X 



l\2 



^\2n+2 



similar 



|x-z|2»+2' 

where the words "similar" above refer to a copy of the other terms appearing in 
the same step, with all the occurences of x and x' interchanged. 

Proof of (4-4)- Using (3), for x, z, z' satisfying |a; — z| > 2\z — z'\ we have 



< 



< 



< 



t^\, 



Ay At 



V(|z-y|+t)"+i+^y t"+i 
l^-^l r / tl^\z-z'\ \^AyAt 



x.t)H\z-x\+t-\y-x\Y+^+P) ' t2„+3 



v'|2 



■At 



\x~z\ ^2/3-l|^_y|2 



■dt 



■ At 5, 



Proof of (4-5): Using the Cauchy-Schwarz inequality and (1) we have 

— xL ,x~Us^,z — UsAzAx'^AyAt 

cj){^—)kt{y,z)rj{——)r]{——) 



< 



■\y-x\. 



z — 



Az 



2 Ay At Ax 



<3rll^(^(--))llk.;SII'7lli^<i- 



This concludes the proof 



□ 



5. OfF-DIAGONAL ESTIMATES AND THEIR CONSEQUENCES 

We start by recalling some terminology. 

Definition 5.1. Let M, t > and H a Hilbert space. An operator T e C{L'^{W\H)) 
is said to have off-diagonal estimates of order M at the scale oft if there is a constant 
C such that 

\\Tf\\mE;H) < C{diE,F)/ty\\f\\L^F;H) 
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for all Borel sets iJ, C R" and all / e L2(R";i7) with support in F. Here, 
(a) = 1 + \a\ and d{E, F) = inf{|x — y\ x G E, y E F}. The set of such operators 
is denoted by ODt{M). 

Note that a single operator belongs to ODt{M) if and only if it belongs to 
ODs{M) whenever s,t > 0. However, the related constant C will typically not be 
the same. The scale of the off-diagonal estimates becomes very relevant when we 
want uniformity in the constants for a family of bounded operators. Thus we say 
that {Tz)z^i: C L'^{H), where S C C, satisfies off-diagonal estimates of order M if 
Tj G OD|2|(M) for all z € S with the same constant C. 

Theorem 5.2. Let l<p<oo, Hbea Hilbert space, X be a UMD Banach space, 
and U'{X) have type r. Let {Tt)t>o be a uniformly hounded family of operators on 
L^(H) satisfying off-diagonal estimates of order M for some M > n/r. Then the 
operator T , defined on Cc (H) ® X by 

T{9®i){y,t) ■.^Tt{g{;t)){y)®t 

extends uniquely to a hounded linear operator on TP'^{H; X). 

Proof. Let us consider a function / = 9» ® ^ Cc{H) ® X. We define the sets 

i 

Co{x,t) ■.^B{x,2t), 

Craix, t) := B{x, 2™+4) \ B{x, 2"^, i), m = 1, 2, . . . , 
so that there is a disjoint union lJm=o ^rn{x, t) — M". Let (wm)m^o be the functions 
: a; 1-^ [{y,t) ^-^ I b (x, t) {y)Tt {l c^(:^,t)f {y)], 

where 

(lc„(x,t)/(-, t)) (y) := ^ Tt{lc,„^,,t)9^{■,t)){y) ® 

i 

We then have the formal expansion J{T f) = X)m=o ^"^ ^^'^ ^'^^ ^ fixed x £ M", we 
separately estimate the 7(L^(-^^; H), X)-norms of each Um{x). 

Fix ^* E X* , and denote by | • | the norm on H. Let us also write (/(y, t), ^*) := 
'^gi{y,t){^i,S,*). For m = we estimate, using the uniform boundedness of the 

i 

operators Tt on L^{H), 



fn+l 



< 



n + 1 

+ 



iB(.,2t)(2/)l(/(y,0,r>P-^. 



Hence, by covariance domination (Proposition 2.1), 

||wo(a;)ll ,r2rdydt „, < \\iy,t) ^ lBix.2t)iy)fiy:t)\\ ,„^dydt „, 

yi^^i fTi + l ■■H).X) iKL^i \H),X) 

and we conclude that 
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For m ^ 1, the off-diagonal estimates of order M imply 

t*l|2 



Hence, by covariance domination, 

,„,dydt ^ < 2"™*^|| (y, t) ^ li3(^,2'"+it) (y)/(y, Oil „2,dydt „. 
and from Theorem 4.3 we conclude that 

Keeping in mind that M > n/r, we may sum over m to see that the formal 
expansion J{Tf) = X/Tn=o ^™ converges absolutely in LP{-/{L^{j^; H), X)), and 
we obtain the desired result. □ 

Remark 5.3. The T^'^^(i7; X)-boundedness of the operator T as considered above 
can be seen as a {p and X dependent) property of the (parameterised) operator 
family {Tt)t>o C J^{L'^{H)). Let us call this property tent-boundedness. A simple 
example of a tent-bounded family consists of the translations Ttf{x) = fix -\- ty), 
where y is some unit vector. Indeed, these are obviously uniformly bounded in 
(and in as well) and satisfy off-diagonal estimates of any order. In contrast to 
this, even when X = C, it is well known that this family is not 7-bounded in 
unless p = 2. 

We next consider operators of the form 

ds 

{Tf)t := / Tt,sfs — , f e Cc{H) (8) X, 
Jq s 

where Tt^s G ■^{L'^{H))- This is first done separately for upper and lower diagonal 
"kernels"' Tt,s- 

Proposition 5.4. Let 1 < p < 00, H be a Hilbert space, X be a UMD space, and let 
U'{X) have type r. Let (Ut^s)o<t<s<oo be a uniformly bounded family of operators 
on L^(H) such that (Ut^s^t G ODs{M) uniformly in t for some M > n/r. Let 
further a > n/2. Then 

Jt s s 
extends to a bounded operator on TP'^{H; X). 

Proof. Let F G Cc{H) ^ X he arbitrary and fixed. It suffices to estimate the norm 
of the functions Uk e Lp{^{L'^{-^; H), X)) defined by 

Uk ■■ X ^ [(y,t) ^ lB(x,t} {-)°'Ut,s{lCk{x,s)Fs)iy) — ], A: = 0, 1,..., 

Jt ^ ^ 

where Co(x,s) := B{x,2s), and Cfc(x,s) := B{x,2''+\s) \ B{x,2'' s) for fc ^ 1. 
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Let X G R" be fixed for the moment. To estimate the relevant 7(L^( ^^4^/ ; H), X)- 
norm at this point, we wish to use the covariance domination. Hence let ^* S X*, 
write fs := G L'^{H) for short, and consider the quantity 

/•OO ( 1 

(K(x))(y,t),r> - lBi..t) / (-)"C/m(1c.(.,.)/.)(2/)— e H. 

.It s s 



Its norm in L'^i j^; H) is dominated by 



< 



< 



/<N2e ds 
S S 



00 />oo 



2-fc 



lllB(a:,i)C^t,s(lCfc(a:,s)/s)llL3(_f/) — 

,^^2(a-e). feMin . II n2 ds dt \ 1/2 

[-) Ps(^,2'=+is)M|L2(ff)j — ^ 

ds \l/2 



dt \i/2 



where in the last step we exchanged the order of integration and integrated out the 
t variable; the convergence required that 2{a — e) > ?i, which holds for sufficiently 
small e > 0, since a > n/2. 

The right-hand side of our computation is 2^^^^ times the L^(-^^^; iJ)-norm of 
ls(2;.2'=+is)(-^s(2/),C*)j so that covariance domination gives us 



\\uk{x)\\ dydt < 2-'=^||(J2»=+lF)(x)|| d«dt 

Taking L^-norms and using Theorem 4.3 yields 

Recalling that M > n/r, we find that the formal expansion JiUF) = X^fcLo 
converges absolutely in LP{j{L^-{^; H), X)), and we obtain the desired estimate 

\\UF\\t..2^x)<\\F\\tp-^x)- □ 



Proposition 5.5. Let 1 < p < oo, H be a Hilbert space, X be a UMD space, and let 
LP{X) have type t. Let {Lt.s)o<s<t<oo be a uniformly bounded family of operators 
on L^(H) such that {Lt^s)t^s G ODt{N) uniformly in s for some N > n/r. Let 
further (i > n(l/r - 1/2). Then 



{LF)t 



^t s 



extends to a bounded operator on TP'^(H; X). 

Proof. The proof follows a similar approach as the previous one. This time, we 
expand J{LF) in a double series X]fc°m=o ^fe.™' where 



2-(™+l)j t S 
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Again, we wish to estimate the j{L^{j^^; H), X)-noTin of Vk,m{x) by covariance 
domination, for which purpose we take ^* G X*, write fs {Fs{-)^ ^*) , and com- 
pute 



||(Wfe,m(a;),r>IL,, dydt „. 



/ / 2"""'||lB(^_t)Lt,s(lc4a;,t)-f's)|lL2(H) 

Jo '-J2-(". + i)t S 



2 dt \l/2 



J2-('"+i)t * r 

2 ds 



^ 0-MP+n/2)2~kN ( 111^. 112 ^ ' 





This is 2-'"(/3+n/2)2-feW ^1^^ i2(-|idi . of li3(x,2'= + '"+2s)(y)(^5 (y), 

hence by covariance domination 

\\vk m{x)\\ dvdt < 2-"(^+"/2)2-'=^||(J2fc+..+2F)(a;)|| dvd* 

Taking L^-norms and using Theorem 4.3 we get 

< 2-™(/3+"/2)2-fe^(i + A: + m)2('=+")"/^||i^||TP.2(H;X), 

and we can sum up the series over k and m since /? + n/2 > n/r and N > n/r. □ 

Combining the previous two propositions with a duahty argument, we finaUy 
obtain: 

Theorem 5.6. Let I < p < oo, H be a Hilbert space, X be a UMD space, and let 
LP(X) have type t and cotype 7. Let (Tt^s)o<t.s<(x> be a uniformly bounded family 
of operators on L^{H) such that: 

{i) {Tt^s)s>t e ODs{M) uniformly in t, 
(m) (Tt^s)t>s e ODt{N) uniformly in s. 
Then 

■ t ^s-^p^ ^ ^ ds 
s 

extends to a bounded operator on TP''^(H; X) if at least one of the following four 
conditions is satisfied: 

(a) M > n/r, a > n/2, N > n/r, and P > n{l/T - 1/2), 

(6) M > n/r, a > n/2, N > n{l - I/7), and (3 > n/2, 

(c) M > n{l - 1/7), a > n(l/2 - I/7), N > n/r, and [3 > n(l/r - 1/2), 

(d) M > 71(1 - 1/7), a > n{l/2 - I/7), N > n{l ~ I/7), and (3 > n/2. 

Proof. We spht T into a sum U +L of upper and lower triangular parts as considered 
in the previous two propositions. Part (a) is an immediate consequence, since the 
conditions on M and a guarantee the boundcdness of U and those on N and /3 that 
of L. 

For part (6), the boundcdness of U follows as before. As for L, we observe that 
its (formal) adjoint on ''^{H;X*) is the upper triangular operator 

ds 



{TFh^ niin{(i)",(^)^}r,,F. 



/"OO I 

Jt s 
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where r*^ e ODs{N) and LP {X*) = {LP{X))* has type 7' = 7/(7 - 1). We 
know that this operator is bounded on '^{H;X*) under the conditions that 
N > n/i = n(l - 1/7) and /3 > n/2. 

Parts (c) and {d) are proved similarly by considering U* and i, and U* and L*, 
respectively. □ 

The most important case for us is when N ~ M , and we record this as a corollary 
for later reference. In this situation, the condition (b) of Theorem 5.6 becomes 
redundant, since it is always contained in condition (a). 

Corollary 5.7. Let I < p < 00, H be a Hilbert space, X be a UMD space, and let 
LP{X) have type t and cotype 7. Let (7t,s)o<t.s<oo be a uniformly bounded family 
of operators on L^{H) such that Tt s G OZ3„jax{t,s} (-^) uniformly in t and s. Then 



(5.1) 



(Tn = ^°°min{(i)",(f)^}r,,F.^ 



extends to a bounded operator on TP''^{H; X) if at least one of the following three 
conditions is satisfied: 

(a) M > n/r, a > n/2, and [3 > 7i(1/t - 1/2), 

(c) M > 71 • max{l/T, 1 - I/7}, a > n{l/2 - I/7), and (3 > n{l/T - 1/2), 

(d) M > 71(1 - 1/7), a > n{l/2 - I/7), and /? > ?i/2. 

Remark 5.8. li X ~ C (or more generally a Hilbert space), then one can take 
T = min(2,p) and 7 = max(2,p) in Corollary 5.7. For p £ [2, 00) (so that r = 2), 
part (a) provides the following sufficient condition for the T^'^-boundedness of (5.1): 
M,a > n/2, and (3 > 0. For p S (1,2] (so that 7 = 2), part (d) in turn gives 
M,f3 > n/2, and a > 0. This recovers the corresponding result in [3] in the 
Euclidean case for p S (l,oo). Note that in [3] the end-points p G {l,oo} are also 
considered; in fact, the proof for p € (1,2) goes via interpolating between estimates 
available in the atomic space T^'^ and the Hilbert space T^'^. See also [1], where a 
weak type (1, 1) estimate is obtained. 

6. BiSECTORIAL OPERATORS AND FUNCTIONAL CALCULUS 

In this section we collect some generalities concerning bisectorial operators and 
their i7°°-calculus. We denote by Sg the (open) bisector of angle 0, i.e. Se = 
S+ U Sg with 5+ = {z e C \ {0} : | arg(z)| < 9} and Sg = -5+. We denote by Tg 
the boundary of Se, which is parameterised by arc-length and oriented anticlockwise 
around Sq. 

A closed, densely defined, linear operator A acting in a Banach space Y is called 
bisectorial (of angle co, where < w < ^tt) if the spectrum of A is contained in 
Sui and for all ui < 9 < ^tt there exists a constant Cg such that for all nonzero 
z€C\Se 

1^1 



For a, f3 > we set 

^i{Sg) = {feH°°iSg) 



3C \f{z)\ < Cmin(|z|", 1) for aU z G Sg}, 
3C \f{z)\ < Cmin(l, \z\-l^) for aU z e Sg}, 
3C |/(z)| < Cmin(|z|", |z|-'') for aU z e Sg} 
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and*(5e)=Uo,/3>o*^(^(')- 

Let w < < i-TT be fixed. For e we define 

The resolvent bounds for A imply that this integral converges absolutely in ^{Y). 
If one has, in addition, the quantitative estimate 

ll^(^)ll^(y) < IIV'IU, 
then A is said to have _ff°°(S'0)-calculus on Y . 

Lemma 6.1. Let A be bisectorial of angle uj and let 6 > lo. 

(1) For 01,02 G "^[Sg) we have 4>i[A)(j)2[A) = (01 • 4>2)[A); this is also true if 
4>2 G H°°{Se) is a rational function, in which case 4>2{A) is defined in the 
usual way by using the resolvents of A. 

(2) For all ?Ai G ^{Se), ^2 € H°°{Sg), G we have 

MA){i^2^3){A) = (V'lV2)(A)^3(A). 

Proof. The first claim is the well-known homomorphism property, which in both 
cases can be proved by writing out the definition of (j)i{A)(j)2{A), performing a 
partial fraction expansion, and using Cauchy's theorem. The second claim follows 
from the homomorphism property for 'ip2 € "^(Sg), and the general case can be 
obtained from this by approximation (cf. [20, Theorem 9.2(i)]). □ 

Lemma 6.2. Let A be bisectorial of angle uj and let 9 > lo. Then, 

R(A) = R{A) n D{A) = R{A{I + A)-^) - |J R{i;iA)). 

Proof If / = i'{A)g G R{ipiA)), let f, := A{s + A)-^f e R{A). Then 

f - f, ^ sis + Ar'ijiA)g = ^ [ ^^(z)(z-Ar'gdz. 

The integrand is bounded by € L^(r, \ dz\) and tends pointwise to zero 

as e ^ 0. Hence /e — > / by dominated convergence. 

Next we observe that f = (I + eA)-^f f as e ^ 0. Indeed, if / e D(A), 
then f — f^ = £ ■ [I + £A)~'^Af has norm at most Ce, since the second factor 
stays uniformly bounded. Since the operators (/ + £A)~^ are uniformly bounded 
and D(A) is dense, the convergence remains true for all /. If now / e R(^), then 
r G R(A)nD(A). 

To complete the chain, let / e R(A) n D(A). Then for some g G D{A^) we 
have f = Ag = A{I + Ay^{I + A)'^g = where ili{z) = z/(l + zf ^ ^ and 

h = {I + A)^g. This completes the proof. □ 

We say that t/j e ^'(^(S'e) is degenerate if (at least) one of the restrictions V'ls± 
vanishes identically; otherwise it is called non-degenerate. The following two lem- 
mas go back to Calderon, cf. [27, Section IV. 6. 19]. For the convenience of the 
reader we include simple proofs. 
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Lemma 6.3 (Calderon's reproducing formula, I). Let t/j <E ^'^(S'e) be non-degen- 
erate. If a' ^ a and (3' ^ /3, there exists ip G 'i>^,{Se) such that 

r°° ~ dt 
(6.1) / ^(te)V(te)— = 1, zeSe. 

.In t 



Proof. Let ijj^z) := ipi^z). Let m ^ max(a' — a, /?' — (3) and denote 

f°° (±t)"^ — dt 

- L (iW«^««^«T- 

By non-degeneracy, c± > 0. Hence the function tp{z) = c^^z"^{l + z^)~"^ip{z) for 
z e has the desired properties. □ 

Lemma 6.4 (Calderon's reproducing formula, II). Let ip,t/j G '^{Sq) satisfy (6.1). 
Then 

dt 



^{tA)i:{tA)f— = /, / e R(A), 

where the left side is defined as an indefinite Riemann integral in L^ . 
Proof Let first / = <f>{A)g for some (j)e'^{Se). Then 

' yj{tAmA)f^ = ^°°(^(t.)^(i.)0(.))(A)5i^ 

/ V(i^)^(i2)0(^)(2- A)-^gdz4^ 

I r r°° ~ dt 
= Y~ / VXi^)^(i^)y0(^)(^-^)"'5d2: 

= / 0(z)(z - A)"i5dz - 0(A).9 = / 

by Lemma 6.1, absolute convergence and Fubini's theorem. To conclude, we re- 
call from Lemma 6.2 that functions as above are dense in R(A), and notice that 
'ijj{sz)'ip{sz) ds/ s are uniformly in H°°(Sg) so that the corresponding operators 
obtained by the formal substitution z := A are uniformly bounded by the func- 
tional calculus. From this the convergence of the indefinite Riemann integral to the 
asserted limit follows easily. □ 



7. Hardy spaces associated with bisectorial operators 

We now move on to more specific spaces and operators. Throughout this section, 
we let the following assumptions be satisfied: 

Assumption 7.1. The Banach space X is UMD and 1 < p < oo. Two numbers 
T e [1, 2] and 7 g [2, 00] are fixed in such a way that LP{X) has type r and cotype 7. 

Assumption 7.2. H is a Hilbert space, and the operator A in L^{H) is bisectorial 
of angle uj € (0,7r/2). For to < 9' < 9 < tt/2, it also has an H°° [Sg)- calculus on 
L^{H), and the family ((^ + C^)^^)ceC\Se satisfies off-diagonal estimates of order 
M , where M > n ■ min{l/r, 1 — I/7}. 
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With only the above assumptions at hand, it may weU happen that A fails to 
be bisectorial even for H = and in particular to have an i7°°-calculus, in for 
some values of p 7^ 2. The tensor extension AiSiIx may already fail these properties 
in L'^{X). To study problems involving operators f{A) in such spaces, we arc thus 
led to define an appropriate scale of Hardy spaces associated with A. When A is the 
Hodge-Dirac operator or the Hodge-de Rham Laplacian on a complete Riemannian 
manifold; this has been done in [3]. We build on the ideas of this paper. 

Lemma 7.3. For lu < 9 < 7r/2 and e > 0, let g G H°°{Se), and let ip e 
Then {{g ■ ip{t-))(A)}tyo satisfies off-diagonal estimates of order M, and the off- 
diagonal constant has an upper bound which depends linearly on ||,9||oo- 

Proof. Let us denote by 5 := d{E, F) the 'distance' of two Borel sets E and F as 
defined previously. Then, using the fact that {I—z~^ A)~^ G OL'i/|2|(M) uniformly 
in z e Se, 

\\lE{g-Ht-)){A)lpf\\ 



giz)iitz)Ml-\Arh,f^ 



< 



min{{t\z\r+^{t\z\r^}{6\z\)-'^\f\\^-^ 



/■^/' dr r°° clr 

< t"+'r^i+^ .5-"r-"\\f\\—+ t-^r-' .6-"r-''\\f\\ — 
Jo ^ Ji/t ^ 

^t''5-^'\\fh 



and this proves the claim. □ 
Lemma 7.4. Let a, f3,e > 0, and 

Then 

^itA)<p{A)i;{sA)=i-nm[{-J'',C-f}St,s, 

where {St.s)t.s>o is a uniformly bounded family of operators acting on L^{H) such 
that St,s G 0D,nax{t,i5}(^j'^); Uniformly in t and s. 

Proof. We have 

i;{tA)^{A)ii{sA) = {t/srMtAmA)MsA) = is/tfMtAmA)MsA), 
where 

Mz) := zP^{z) G Mz) ^-"7^(2) G ^-^+^+^ 

The case s t oi the claim follows from Lemma 7.3 (with s in playing the role of 
t in that Lemma) with g[z) = tjjo{tz)4>{z) and "00 in place of ip, while for the other 
case we take g{z) = (j)(z)ipi(sz) and "01 in place of ip. □ 

Proposition 7.5. Let i^,ip e ^{Se) and G CI ^{Se). Then 

ds 

{TF)t= / ^b{tA)cp{A)4'{sA)F,— 

. n S 
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extends to a bounded operator on TP'^{H; X) if at least one of the following condi- 
tions is satisfied: 

(a) M > n/r, 4' € K!^':;'^''^' , and ^ e 

(c) M > max{n/r,n(l - I/7)}, ^P S K%+n!.!'Iii%'-i/r,oHs' 
and e ^"(1/2-1/7)+^ 

ana ip t y„/2+„max{l/T-l/7',0}+£' 

id) M > n{i - 1/7), ^ e and i, e 

where s > is arbitrary. 

Proof. This is directly, if slightly tediously, verified as a corollary of Lemma 7.4 
and Corollary 5.7, so that the different conditions of Proposition 7.5 correspond to 
those of Corollary 5.7. □ 

Definition 7.6. We say that a pair of functions (?/>, t/j) e ^(6*9) x ^(S'g) has sufficient 
decay if they verify at least one of the conditions (a), (c), or (d) of Proposition 7.5. 

Remark 7.7. (i) Note that the notion of sufficient decay as defined above assumes 
that the parameters appearing in Assumptions 7.1 and 7.2 have been fixed. Also 
observe that if the parameters are such that for instance n(l — I/7) < M < n/r, 
then only the condition (d) above is applicable. 

(a) If ('0,0) € ^{Sg) X ^'(S'e) has sufficient decay, by Calderon's reproducing 
formula there exists a. ip £ 'if{Sg) which satisfies (6.1) and decays as rapidly as 
desired; in particular, we may arrange so that the pair {^p, ■0) ^Iso has sufficient 
decay. A similar remark applies if we start from a ^' G "^{Sg) such that (O,'?/') has 
sufficient decay. 

For / = ^ 5i ® e «) X and V e '^(Sg) we shall write 

i 

iQ^.f){y,t) :=^VXi^).9^(2/)®C« ■.= ib{tA)fiy). 

i 

Definition 7.8. For 1 < p < 00 and a non-degenerate ip € "^{Sg), the Hardy space 
^{X) associated with A and ip is the completion of the space 



{/ e RiA) (^XC L\H) (g,X : Q^fe TP'\X)} 
with respect to the norm 



It is clear that || • ||^p ^(x) is a seminorm on R{A)i^X; that it is actually a norm 
will be seen shortly. 

By definition, the operator 

{Q4J){;t) ■■=HtA)f 

embeds the Hardy space ^{H; X) isometrically into the tent space TP-^{H; X). 
Of importance will also be another operator acting to the opposite direction. For 
^ e *(S'e), we deffiie S^f e ^^(R"; H) (E) X hy 

ds 



(7.1) S-rF := / 4,{sA)Fi.s, 
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for those functions F E Ll^^{M.+ ; i^(M"; i?)) (g) X for which the integral exists as a 
hmit in L^{H) of the finite integrals where a ^ and b oo. 

By Calderon's reproducing formula, for a given ip S ^'(S'e); there exists a ip € 
^'(S'e) such that the defining formula (7.1) makes sense for all F S Q^,{R{A) (g) X), 
and we have 

(7.2) S^Q^J^f, /eR(A)®X 

Hence, if ||/||//p ^{H;X) for some / e R(^) ® X, this means by definition that 
QtlJ ~ 0, and the identity (7.2) yields immediately / = 0. Thus || • ||^p ^{h-x) ~ 
is indeed a norm. 

Proposition 7.9. Let {tp, tp) £ vE'(S'e) x ^{Se) he a pair with sufficient decay. If f e 
TP'^(H; X) is such that the defining formula (7.1) is valid, then S^f G ^{H; X), 
and the mapping f y-^ S^f extends uniquely to a bounded operator from T^^'^^H; X) 

toHljH;X). 

Proof. Write g := S"^/- First we check that g G R(^) ® X: this is clear from 
the defining formula, since ilj{sA)f{-,s) G R{A) for each s > by Lemma 6.2, and 
Bochner integration in the Banach space L^{H) preserves the closed subspace R(A). 
By Proposition 7.5, 

r°° ~ ds 

{y,t) ^ ^bmgiy) = / ,p{tA)4'{sA)fiy,s) — 
Jo s 

defines an element il}{-A)g of TP'^{H; X) and we have 

\\^i;f\\Hl^,(H:X) = Hi-A)g\\TP-HH;X) < WfWrp.^H-x)- 

The subspace of TP'^{H; X) where the defining formula (7.1) is valid contains 
e.g. Cc{H) ® X and is therefore dense in TP'^{H; X). Hence the mapping 5^ has a 
unique extension to a bounded operator from TP''^{H; X) to ^{H; X). □ 

Next we show that H\ .^{H]X) is independent of -0 S '^{Se), provided (?A,0) 
has sufficient decay. A typical function with this property is 

0(z) = (Vi2)«(^-^)+ie-^, 

where 7 denotes the cotype of LP{X). This gives the classical definition by the 
Poisson kernel when X ^ C and 1 < p < 2, taking 7 = 2. 

Theorem 7.10. Let E '^{Se) be two functions such that (ip, 0) and ("0, 0) have 
sufficient decay. Then: 

(i) Hl^{H;X) ^ Hl^{H;X) H^AH-.X). 

(ii) A has an H°° -functional calculus on H^H; X). 

Proof Let e Cl©*(S'e) be arbitrary and fixed. Let / e R{A)i^X. By Calderon's 
reproducing formula, there exists ip G "^(Se) (with any prescribed decay) such that 

/■°° ~ ds 

tPitA)<PiA)f ^ / ^itA)(b{A)iPisA)^{sA)f—. 

Jo - s 

Thus 

mA)f\\HP,_^iH:X) = \\TQ^f\\T.^W)^ 
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where T is the operator on TP-^{H] X) given by 



d 



s 



TF{y,t)= ^(tA)<i}{A)i,(sA)F{y,s) — 
Jo s 

From Proposition 7.5 wc deduce that 

U{A)f\\H'^^^{H;X) < \\Q±f\\TP:HH;X} = \\f\\Hl^^(H:X)- 

Taking 0=1, this gives (i). Taking <f> £ '^{Se), we obtain (ii). □ 

The foUowing, by now quite simple resuh has some useful consequences: 

Proposition 7.11. If (Q,ip) has sufficient decay, then the bounded mapping : 
TP''^{H;X) ^ H\{H;X) is surjective. 

Proof. By Remark 7.7, we find a ip G '^{Sg) such that (7.2) is satisfied and 

has sufficient decay. Now let / e H\{H]X) = H^^{H\X) be arbitrary and let 

lim„_oo/ri = / in H\^{H;X) with /„ G R{A) ® X. The functions := QiJn 
belong to TP^'^{H;X) and ||g„ - gmWrv-^iH-x) = ll/n - /mllffj ^{H;X) for aU m,n. 
It follows that the sequence (/„) is Cauchy in TP-^{H; X) and therefore converges 
to some / € TP-^{H; X). From /„ = S^gn and the continuity of S*^ it follows that 

Corollary 7.12. Let (0,V') have sufficient decay. An equivalent description of the 
Hardy space is 

H\{H-X) = H^^^iH-^X) := {S^F : F £ TP^\H-X)}, 

and an equivalent norm is given by 

WfWn^ (H-x) ■■^inf{\\F\\r..^H,x)--f = SrF}. 

As a further consequence we deduce an interpolation result for Hardy spaces from 
the following general principle (sec Theorem 1.2.4 in [28]): Let Xo,Xi and Fq, Yi 
be two interpolation couples such that there exist operators S € C(Yi,Xi) and Q £ 
C{X„Yi) with SQx = X for aU x e Xi and i = 0, 1. Then [Xq, Xi]g = S[Yq, Yi]g. 
Here we take (V', V') in the Caldcron reproducing formula with sufficient decay, 
S = S'^ and Q = Q^. 

Corollary 7.13. Let H be a Hilbert space and X be a UMD space. For all 1 < 
Po < Pi < oo and < 9 < 1 we have 

[H^^{H-X),H^^{H-X)]e = H'^'{H;X), 1 = + 1. 

Pe Po Pi 

8. Hardy spaces associated with differential operators 

The construction described in Section 7 is particularly relevant when dealing 
with differential operators A = Db in L^(C C"), where 

/ -divS \ 
- I V ) 

with B a multiplication operator on L^(C") given by an (n x n)-matrix with L°° 
entries. Such operators have been considered in connection with the celebrated 
square root problem of Kato, which was originally solved in [2]. A new proof based 
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on first order methods was devised in [4]. where it was shown that Db bisectorial 
on L^(C © C") and satisfies off-diagonal estimates of any order. 

In [16], the i7°°-functional calculus of Db <E) Ix in LP{X © X") is described in 
terms of i?-boundedness of the resolvents. Although these resolvent conditions, and 
hence the functional calculus, may fail on L^'{X © X") in general, it follows from 
Section 7 that these operators do have an i/°°-functional calculus on (C © 
C";X), which in particular implies Kato type estimates in this space. 

To express these estimates, observe first that R{Db) ~ R(divi?) © R(V). Let us 
hence write a function / G R{Db) ® X as (/o, /i), where 

fo e R(divB) (E)X CL^{C)® X, fieR(y)®XCL^{C"')(g)X 

denote the X-valued and ^"-valued parts of /, respectively. Defining 

HP,^{C(BC";X) :=i?^^ ,^(C©C";X) 

by means of the (even!) function ^{z) = (-y/z^^^g-v^ with TV large enough, we 
note that i}}[tDB) = 4>{t'^Dg), where 4>{z) = -y/z^e~^ and the operator 

2 _ / -divBV 
^B- [ -VdivB 

and hence (f>{t^D'^), is diagonal with respect to the splitting / = (/o,/i)- In 
particular this shows that 

ll(/o,/l)||ffP (CeC";J>s:) ~ II(/OiO)IIh£ (C©C";Jf) + II (0, (CeC";X)- 



Hence also the full space (C©C"; X) (constructed as the completion of R(_DB)(g) 
X with respect to the above-given norm) has the natural direct sum splitting into 
"X-valued" and "^"-valued" components. Let us denote these components by 
HPy^iC-^X) and (C"; X), so that 

ll/o||_H-P^(C;X) ll(/o,0)||_H-p^(c©C";X), 

ll./i||ffJ^(C";X) 11(0, ./l)||^rJ^,^(c©C";X)■ 
Then we are ready to state: 

Theorem 8.1. Let X be a UMD space, I < p < oo, and Db be as above. Then 

l|V-divBVu||ffp^(C;X) ~ l|Vu||^P^(C";X) 
for all u e D(V) ®X<Z L^{C) ® X. 

Proof. We know from [4] that (/ -|- zDb)~^ satisfies off-diagonal estimates of arbi- 
trary order and that Db has an iJ°°(S'6i)-calculus on L^(C © C"). 

Consider the function 0(z) ~ z/\fz^ G H°°{Se). By the boundedness of the 
i7°°-calculus and the identity l/4){z) = (/)(z), 



(8.1) ||0(£'b)./||h£^(C©C";X) ~ ll./llH£^(C©C";Jf), ./ ^ R{Db)®X. 

Observing that 

, / -divB(-VBdiv)-i/2' 

'^(^^^ = (,V(-divi3V)-i/2 

and writing (8.1) for / = (/o, 0) gives 



.2) ||V(-divi3V)-l/2/ollH£ (C";X) ~ ll/olUs (C;X), /o € R{dWB)®X. 
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Let then u E D(V) ® X. By the solution of Kato's problem we have D(V) = 
D(V-divSV). Substituting 

/o = V-divSVu e R(V-divBV) (g) X C R(-divSV) (g) X C R(divS) «) X 

in (8.2), we obtain the assertion. We used above the inclusion R(A^/^) C R{A), 
which is true for all sectorial operators (see [10], Corollary 3.1.11). □ 

Let D be the unperturbed operator Dj. Observe that D^{f,0) = (A/, 0) and 
then, whenever V is even, ip(tD){f,0) = {ip{tVA)f,0). The space H^{C,X) is 
then the classical Hardy space. 

Theorem 8.2. Let X be UMD. Then H^{C,X) = LP{X) for allKp <oo. 

Proof. Let us denote by N the smallest integer greater than ^ and, for functions 
f E Cc; define 

Sf{y,t)= [ h(y,z)f{z)dz, 

where 

fc,(,,z) = t-^(^->(fcil)), 

and p{'w) = 1/(1 + 10^)"^^. For a fixed < > 0, / i— > Sf{-,t) is thus a Fourier 
multiplier with symbol mt{£^) = (t|^|)^e~*'^'. This implies assumptions (1) and 
(4) in Theorem 4.8. Assumptions (2) and (3), with a = f3 ^ 1, follow from direct 
computations of the A^-th derivative of 1 1-^ ^ "?'(-^) and the mean value theorem. 
Now, for / e iP(X), letting 

Pf{y,t) := iitD){f,0){y) = ((^^/A)^e-*^/(y), 0) 
and applying Theorem 4.8, we thus obtain that 

WIWhucx) ^ II/IIlp(x) 

for all f eLP{X). Now let / e iP(X) and g € Lp' {X*), and denote by their 
duality product. By Calderon's reproducing formula there exists ip (with arbitrary 
decay) such that 

{f,g)= / (^(tA)/,^(tA)*g)-. 
Jo ^ 

Therefore 

^ ll/ll_ff£(c.x)ll.9ll^p'(C;x-) - I1/I1h£(c,x)I1.9|1lp'(x)> 
and hence < il/lk^ (c,x)- □ 
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